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Abstract 
Under eccentric compression of rods in them arises uniaxial stress state. If the material of rod is homogeneous, diagram stresses 
in all cross-sections have the same trapezoidal shape. When the limit state bar is happen, the destruction will occur in the weakest 
section at the point where stresses are maximal. So, the remainder of this section is underused. The idea of the method proposed 
in the paper is to determine the law of variation of the elasticity modulus, at which the stress across the cross-section "aligned" 
approaching to a constant value. 
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1. Introduction 
In many fields of engineering are often found structural elements eccentrically loaded (eccentric tension or 
compression). In particular, in the construction used columns with cut (Fig. 1(a), single-cantilever columns (Fig. 
1(b), on which beams or slabs based. In such columns the normal stress diagram has a trapezoidal shape of one sign 
(Fig. 2(a), or different signs (Fig. 2(b). Typically such columns are made from concrete or reinforced concrete. It is 
known that concrete has low tensile strength, so try to make the eccentricity e as the least possible to a diagram 
Vwill be of one sign. 
The paper presents the solution of the inverse problem of the theory of elasticity of inhomogeneous bodies in 
which is wanted such dependence of Young's modulus of the coordinate y, when diagram V  would seek to a 
constant value [1 - 4]. Obviously, for this at y > 0 the modulus of elasticity should be reduce as compared with a 
homogeneous material, and at y < 0 – increase. To determine the function E (y) using an iterative method. 
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2. Iterative method  
Consider the problem corresponding Fig. 1,a. Let the force F is applied in the core 
of cross-section (Fig. 3). 
Below is an example of calculation for the following initial data: b = 40cm, h 
=40cm, F = 100kN, ɟ = 5cm. 
We will use an iterative method. As the initial solution, we take the solution for a 
homogeneous material, when 7(0) 10 2.4    EconstE kPa. The stresses diagram 
has a trapezoidal shape (Fig. 4,a). 
As a first approximation we consider the stress state of the column, when the 
modulus of elasticity varies linearly: 
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where E1 = 1.6107kPa (the elastic modulus at y =h / 2), E2 = 3.2107kPa (the modulus 
at y = -h / 2). Here 721 10 2.42/)(    aveEEE kPa. 
Normal stresses V(1)(y) can be calculated by the formula: 
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stiffness. 
Using formula (2) and the initial data, we obtain: 
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Substituting (3) into (2) we get (4)  
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On the next step of iteration process using condition const  )0()1()1( VV  we define the function E(2) (y): 
Fig. 1. Eccentric compression of column. Fig. 2. Stresses under eccentric compression. 
Fig. 3. Design scheme.  
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Thus, we have obtained the second distribution of the elastic modulus on height of cross-section. Distribution 
E(2)(y) represented in the Table 1, as well as a graph (see Fig. 4). 
Now we can define the stresses V = V(2)(y) by using formula for E(y) = E(2)(y) 
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Tensile and bending stiffness are increase in comparison with them values in the formula (3): 
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The expression for V(2)(y) takes the following form:  
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Table 1. The values of the modulus of elasticity ȿ(i) and the total stresses V(i) for the stages of the 
iterative process 
y, ɦ 
ȿ(0) V(0) ȿ(1)(y) V(1) ȿ(2)(y) V(2) ȿ(6)(y) V(6) 
kPa 
-0.2 
2.4107 
-156.3 3.2107 -208.3 9.60107 -744.5 1.51108 -525.6 
-0.1 -390.6 2.8107 -455.7 3.84107 -543.3 7.74107 -523.3 
0 -625.0 2.4107 -625.0 2.40107 -481.8 5.21107 -522.4 
0.1 -859.4 2.0107 -716.1 1.75107 -457.9 3.93107 -522.0 
0.2 -1094.0 1.6107 -729.2 1.37107 -444.2 3.15107 -521.8 
The neutral layer of the column with variable modulus of elasticity is shifting and the coordinate of the center of 
gravity of the reduced cross-section about the axis z1 (see Fig. 4,b,c) is calculated using the formula: 
> @ > @ ,...2,1,1   iEAESy iizc  . 
where > @izES 1 – the first moment of reduced cross-section about the axis z1: 
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Fig. 4,b,c show diagrams corresponding to the solution for a columns in which the modulus of elasticity is the 
function E(i)(y). In figures stresses )(iNV  correspond to the changing stresses on height of cross-section resulting from 
the action of the compression force, stresses )(iMV  - as a result of the bending moment from an eccentrically applied 
compression force, stresses
 
)(iV  - as a result of the compression force and the bending moment. The calculation results 
are also shown in Table 1. According results, it can be argued that in the considered problem will be enough execute 
six approximations. 
 
Fig. 4. The diagrams of normal stresses ı in columns with constant (ɚ) and variable modulus of elasticity (b,c). 
As seen from the results, taking into account inhomogeneity of the material leads to a substantial redistribution of 
the stresses in the structure. This redistribution has quantitative and qualitative character (see Fig. 4). 
In the case of a homogeneous material stresses in the extreme fibers differ by 7.0 times, whence it follows that 
the column is generally underloaded. In the inhomogeneous rod for the case E(y) = E(6)(y) stresses are constant over 
the cross section, that allows using all material of column, which generally increases its efficiency. 
As in [2, 3] we introduce the efficiency ratio of work of inhomogeneous column: )inh((hom) / ɬɚɯɬɚɯ VVE  . In formula 
(hom)
ɬɚɯV  
and )inh(ɬɚɯV = const respectively the maximum stresses in the homogeneous and inhomogeneous rods. In the 
above case, this factor is: 08.2/ )6()0(   ɬɚɯɬɚɯ VVE  
(see Table 1). Significant reduction in stresses (more than 2.08 
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times) in comparison with the homogeneous column can increase the loads, reduce the size of the column, etc. 
The obtained results allow us to use them to assess the strength of the column and its optimization. Since the 
stress state of the rod (column) is uniaxial, all the theories of strength will give the same result, which can be 
reduced to the formula ,max RdV where R – some limit characteristic of material. 
In most cases the change of the deformation characteristics by modifying the composition of the material leads to 
changes in its tensile properties. In order to harmonize with each other strength and deformation characteristics of 
the material, use the following approach. For correlation strength and rigidity properties of material is introduced 
dependence R = f(E). Dependence R = f(E) for concrete in a some range of R and E can be defined as a linear. 
Solving the problem with the following initial data: b = 40cm, h =40cm, P = 1000kN, ɟ = 5cm, obtain the results 
shown in Table 2. 
Table 2. The values of the modulus of elasticity ȿ(i) and the total stresses V(i) 
for the stages of the iterative process. 
y, m 
ȿ(0) V(0) ȿ(2)(y) R(2) 
kPa 
-0.2 
const 
-1562 2.5108 -5158 
-0.1 -3906 1.3108 -5402 
0 -6250 8.7107 -5242 
0.1 -8594 6.2107 -4958 
0.2 -10940 4.6107 -4618 
As the solution, there is a definite relationship between the strength and deformation characteristics of the 
material: the slight increase in strength of material ( 12.1
)2/(
)2/(
)2(
)2(
 
hR
hR ) there is the significant increase in modulus 
of elasticity ( 37.5
)2/(
)2/(
)2(
)2(
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hE
hE ). 
3. Practical realization of the method 
The question naturally arises how to create a column with a continuous change of its stiffness over the cross 
section. Apparently modern technology does not allow it to achieve with sufficient accuracy. We can only offer a 
way to create a piecewise homogeneous structure, as was done in [2, 3, 5]. Thus, we come to the problem of multi-
layered structures. Mechanical characteristics of each layer of the multilayer structure are assigned from the solution 
of the inverse problem of determining the dependence of E(y). We apply the above method to our problem. To 
divide over the cross section of the rod to n equal layers and for each layer determine the elastic modulus, obtained 
from the dependence of the E(y) = E(6)(y). Elastic modulus of each layer can be calculated as the arithmetic average 
of extreme values of E(6)(y). For each homogeneous layer is known solution [6]. Using the obtained values of elastic 
modulus, we define the stresses for each layer. 
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n – total number of layers, i - the layer’s number. 
In Figure 5 are shown the diagrams of normal stresses for n = 2, 4 layers and the efficiency ratio for the six stage 
of the iterative process. 
 
Fig. 5. The diagrams of normal stresses in a piecewise homogeneous column, divided into 2 and 4 pieces. 
Thus, the coefficient ȕ for multilayer-rod will be smaller than for rod with continuous inhomogeneity, but with an 
increasing number of layers it will be closer to the above value. 
4. Conclusions  
Obtained solution of relatively simple problem holds great promise for the application the developed method in the 
construction industry. The used method allows to improve the structure of column under eccentric compression. The 
developed method of optimization leads to a significant reduction of stresses in inhomogeneous column compared to 
the traditionally used homogeneous and the stresses over the cross section are approaching to a constant value. Thus, 
it is possible to use all material of column, which leads to optimization of its structure, i.e. an increase efficiency of 
column.  
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